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1 Introduction 

The Weyl algebra (W^m^]; *) is the algebra generated by u=(ui, • • • , u m , vi, ■ • ■ , v m ) over C with 
the fundamental commutation relation [ttj,Uj] = —ih~5ij, where H is a positive constant. The Heisen- 
berg algebra (T^mM; *) is the algebra given by regarding the scalar parameter h in the Weyl algebra 
W^2m[^-] to be a generator v which commutes with all others. The difference of those two algebras is 
seen in the next 

Proposition 1.1 There is no nontrivial two-sided ideal of the Weyl algebra (W^mt^];*)- ^ n 
other hand, the Heisenberg algebra ("%2mM; *) has two-sided ideals corresponding to points ofC 2m . 

Proof is easy by observing the following: Suppose ip is a homomorphism of an algebra into C, and 
suppose [x, y]* = z, then t/)(z) = 0. It follows that there is no nontrivial two-sided ideal of the Weyl 
algebra W 2m [h]. 

On the other hand v*T-L2m[v\ is a two-sided ideal of T^mM such that quotient algebra is the usual 
commutative polynomial ring C[tt]. It is easy to see that for every a G C 2m , the two-sided ideal of 
C[u] generated by u— a is pull back to give an nontrivial two-sided ideal of %2mM- '-' 

Thus, the Heisenberg algebra may be treated in (Hol(C 2m+l ), *). These are seen in [T2], ppl95- 
200, pp300-305. 

However v in the Heisenberg algebra is often regarded as an invertible element. In precisely, this 
means one may join the inverse u^ 1 to %2m[v\- In this case, the extended algebra T^mK turns 
out to be isomorphic to W2 m [h}. In spite of this, there is big difference in the notion of automorphisms. 

Consider a one parameter transformation E t : T^mM - ► %mH by setting on generators as 

E t {v) = e 2 V, E t (ui) = e'w;, E t (vi) = e l v u i = 1, . . . , m, t G R. 

E t extends naturally to an automorphism of the Heisenberg algebra 

E t :H 2m [u}^n 2m H (1) 
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but this is not an automorphism of the Weyl algebra W^ml^L as ^ * s n °t nx ed. We refer E t to an 
expansive automorphism. 



Consider the infinitesimal generator D = ^E t 



of dl]). Obviously, 

i=0 



D(u) = 2v, D(ui) = Ui, D(vi) = Vi, i=l,...,m. 

Suppose now that D is given by ^ad(ir) in the ordinary shape of Hamiltonian mechanics using a 
certain (virtual) Hamiltonian r. 

We join the virtual element r to the Heisenberg algebra %2m[ v \ by setting 

[it, v] = — 2v 2 , [it, Ui] = — v*Ui, i = 1, . . . ,2m. (2) 

Though v~ x is not an element of %2m[v\, we note [v~ l ,t]=2i. 

In Heisenberg algebra, v~ l is often viewed as the (independent universal) "energy variable". 
Then its canonical conjugate r may be viewed as the "universal time" which might be fixed by the 
negotiation among the allover universe just like the Greenwich mean time. 

However, the existence of such a canonical conjugate element is very controversially relating to 
the time-energy uncertainty, as one may see in [5]. From a view point of differential geometry, the 
system (J2]) is obtained as the deformation quantization of a local normal form of a contact structure. 
(See Proposition ^. 11 ) 

In this note we are interested in the algebra consisting of ^-invariant elements. Note that in 
quantum mechanics there is no strict notion of restricting variables, while it is trivial in differential 
geometry, where everything is considered on a patchwork of local coordinate system. Thus, we regard 
this as the algebra of (non-commutative) unit sphere S 2m ~ 1 =\^™ =1 {u\+v'l)=l}. This algebra is 
generated by 

p~ 2 *is, p _1 *ui, ■ ■ • , p~ x *u m , p^*vi, ■ ■ ■ , p~ l *v m (3) 

where p is an element satisfying E t p=e t p. Obviously, p~ l is not an element of %2m[ 1 '}- Hence we 
have to join such an element to the algebra %2m[ 1 '} t° regulate the system, but the generated algebra 
depends how the commutation relations [p" 2 ,z/], |jo -1 ,Uj], [p~ l ,Vj] are defined. If these are 0, then 
the generated algebra is isomorphic to the Heisenberg algebra T^mfp" 2 *^], hence this procedure does 
not make the restriction of variables. 

The case that p 2 = ^™ = i{uf+v 2 ) may be the most familiar case. In physics, iv and the tran- 
scendental element y^™L i(u 2 +v 2 ) are often treated as a selfadjoint semi-bounded operators. This 
implies that r cannot be a self-ajoint operator. This is because as follows: 

If it is possible, there must be a one parameter group of unitary operators e** r , t G R. Suppose 
ef T , t £ R, exists by itself and A t =e^ T *b>~ 1 *e~ ltT is a welldefined real analytic group action in t. We 
see that A t must satisfy the equation 

^-A t =ad(iT)A t , A =v-\ 
dt 

Hence the uniqueness of the real analytic solution and the identity [it, z/~ 1 ]=2 give 

el tT *u' 1 *e; itT =e tad{lT) u' 1 =u' 1 +2t=u~ 1 (l+2ut). 
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It follows v 1 +2t is invertible for every t€M. This against the assumption v is self-adjoint. 

On the other hand, as p~ 2 *v is ^-invariant, we have the identity [r, p~ 2 *^]=0, which easily yields 
[r, p~ 2 }*v— p~ 2 2i=0, hence [it, p~ 2 ]=2v*p~ 2 , [it, [it, p~ 2 ]]=0, • • • . Thus, the real analytic solution of 
the equation 

^-er*p; 2 *e;^=ad(zr)er*p; 2 *er sr 
as 

is el ST *p~ 2 *e~ lST =(l+2vs)*p~ 2 . It follows p~ 2 *e~ lST *p 2 =(l+2i*s)e~ %ST . That is, e~ tST is an eigenvector 
of Ad(p~ 2 ). Hence in the situation that Ad(p~ 2 ) has discrete eigenvectors, we have to think e~ tST 
forms a discrete set. This may not be realistic. 

These observation suggest that e*' r cannot exist by itself. That is, the equation 

j t F t =ir*F u F =f 

may not be solved for the initial condition 1 or even if it exists solutions may not be unique. 

On the other hand in the theory of deformation quantization (cf.[3]), operator representations are 
required only in the final stage. In the beginning, we have only to extend W^ml^] to a topological 
two-sided H^ 2 m[^]- m odule. In an extended system, one may define \/^™ =1 (w 2 +f f) without using 
operator representations. One has no need to care about positivity or self-adjointness, as there are 
no such notions. We are now free from the operator theory. 

In this note, we propose an approach to the problem of the time- energy uncertainty from a little 
more differential geometrical view point together with the notion of abstract vacuums in the next 
section. 



2 /i-regulated algebra 

We begin with the notion which will be convenient to understand the motivation of the theory of 
deformation quantization (cf. [5]), and systems appeared by the restriction of the reduction proce- 
dures. Although it is not directly relevant to this note, p-regulated algebras are also very convenient 
to treat the calculus of pseudo-differential operators on manifolds (cf.[12]). These will be discussed 
in forthcoming notes. 

Let A be a topological algebra with 1 over C, which may not be a complete topological space. 
We denote the product in A by a * b. A is called a p-regulated algebra, if there is an element p. G A, 
called a regulator, such that (A, p) satisfies the following: 

(A.l) [p,A] C p*A*p. 

(A. 2) [A, A] C p*A. (A is abelian modulo p.) 

(A. 3) There is a closed subspace B such that A = B © p*A (topological direct sum). 

(A. 4) Mappings p* : A — > p*A, *p : A — > A*p defined by a— > p * a, a— > a* p respectively are 
linear isomorphisms. 
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(A.l) shows a*fi=fi*a+fi* 3 b*fi=fi*(a+b*n), hence fx* A C A*fi C fi*A. Thus li*A=A*li. It is 
a closed subspace, and hence fi*A is a closed two-sided ideal of A. (A. 2) shows the factor space 
B = A/fi*A is a topological commutative algebra. Note that complementary space B is not unique 
in general, but the quotient algebras are mutually isomorphic commutative algebras. 

By the properties (A. 3), (A. 4), A is decomposed for every N into 

A = B® li*B®---® li n ~ x *B® li n *A. (4) 
We set A~°°=f) fi k *A. Then, ll A~°°. If A~°°={0}, A is said to be analytic or formal. 

k 

For every a,b G B, the decomposition (T4]) gives 

a *b~\^ n k * 7r fc (a,&), n k (a,b)eB. (5) 

* *fc>0 

We see 7To(a, 6) = o-fe is an associative commutative product, and the skew part tt± of tti gives a 
biderivation of B x B into £>. 7rf (a, &) is denoted by {a,b} and often called as Poisson bracket 
product. 

The property (A. 4) permits us to join the inverse to the algebra A. By setting li*li~ 1 =li *li=1 
and a]— — a]*/i _1 , ad(z/i _1 ) gives a derivation of A, and it is decomposed as 

ad(i/i _1 )(a) = £ (a) + fi*£i(a)-\ \-Li k *£ k (a)-\ , a e B (6) 

where is a derivation of (-B, •). Hence £o is viewed as a vector field, which is called the characteristic 
vector field. The parameter of its integral curves is often viewed as the "time" in differential geometry. 
Similarly, (A. 2) shows that ad(a*/i -1 ) is an outer derivation of A for every ae*4, and (A*^' 1 , [ , ]) 
forms a Lie algebra over C containing (A, [ , ]) as a Lie ideal. The quotient Lie algebra A*[i~ 1 /A is 
called the Jacobi algebra whose bracket product is given by 

{/, g} c =fUg)-gUf)+{f, g}, f,geB. 

The enveloping associative algebra of (A*^ 1 , [ , ]) will be denoted by v4[yU _1 ]. This is often more 
important than (A, *) itself or the Lie algebra (A*^ 1 , [ , ]). As elements of A*n~ l are represented 
by unbounded operators in general, it seems that the complex Lie algebra (A*^ 1 , [ , ]) cannot be a 
Lie algebra of a certain "Lie group" (cf. [TJ] pp. 167-169). 

Let B ={fEB; £o(/)=0}- B is a closed subalgebra of (B, •). There may be the case B =B, i.e. 
£o=0. If this is the case, then B] C fi*A and 7rf satisfies the Jacobi identity, that is, (B, 7rf) is a 
Lie algebra. If £o=0 and ir^ is nondegenerate on the space B, then (B, -, ir± , /i) is called an abstract 
symplectic structure. If ^oT^O and 7rf is nondegenerate on the space Bo, then (B, •, £o 5 ^i) is called 
an abstract contact structure. 

In this context, Heisenberg algebra is often regarded as a subalgebra of an abstract contact algebra 
or a quantized contact algebra. In this case, Heisenberg algebra appears as Ao={aEA; a] = 0}. 

Although the choice of the complementary space B is not unique, but it depends on the expression 
parameters mentioned below, it is natural to think that all differential geometrical structures defined 
on (B, •) should be expressed by notions involved in the first few terms of the /x-series. This gives 
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indeed the motivation of "deformation quantization". If it is possible, then such a geometrical 
structure is called to be deformation quantizable. 

If this is the sole question, one has only to make a //-regulated algebra where //-series are formal 
power series, and then the quantization problems would have almost been settled. Namely every 
Poisson algebra is deformation quantizable (cf. [TT]). 

However, it is natural to think that the theory via formal /i is not a true physics but only a probe 
toward the non-formal theory. 

In differential geometry, (B, •) is often assumed to be a commutative function algebra on a phase 
manifold M, and fi~ l is a real valued function on M, which may be called hamiltonian. 

As £o(/-0 = 0, the equality ll~ 1 =s may be regarded as the energy surface of level s, and iT 1 
may be regarded as a local coordinate function on a neighborhood of the surface. A suitable local 
assumption permits us to consider a local coordinate function r such that £o = 9 T , hence d T Bo=0 
and £o( r ) = 1- Hence in differential geometry, a contact structure appears on the energy surface and 
t is involved as a coordinate function of the configuration space (space-time). 

In functional analysis, the eigenspace decomposition J2 s &i ®A S °f ac K/t _1 ) : A — > A is treated 
under suitable assumptions such as semi-boundedness or positivity. Let {a s ; sEl} be a family of 
eigenvectors, i.e. [/i -1 ,a s ] = sa s . Then, roughly speaking, we have 

[/i _1 ,loga s ] = sa s /a s = s. 

Hence, if t s = log a s exists, then the family {t s ; sG/} may be viewed as the canonical conjugate variable 
of /i _1 ={/i _1 ; sG/} by regarding every fEA as a constant family {/; sG/}. 

A /i-regulated algebra with an abstract contact structure is called a contact Weyl algebra. 
Such an algebra often appears in the shape .Ao[t]. In general, there is a serious unrepairable gap 
between these two view points. Main reason of this gap is that local structures are leading target in 
differential geometry, but the global structures are concerned in analysis. One of the reason is that 
the method of obtaining normal form is given only in the formal level, as it will be mentioned below. 

Localization theorem. If a /i-regulated algebra (A, /i) is defined by setting a ^-product on a func- 
tion space of a manifold M, then by choosing a suitable complementary subspace B, all and tt^ 
become respectively differential operators and bidifferential operators. This is called the localization 
theorem proved in [T2]. Note that A/A~°° is a (formal) /i-regulated algebra. The localization theo- 
rem shows that A/A~°° can be restricted on every open subset U of M by using the restrictions of 
7Tfc and £fc on U . 

Quantum Darboux theorem (cf. [12]). If the abstract symplectic structure is involved further, 
then the localization theorem and stepwise repairing of coordinate functions show that there is an 
open neighborhood U p of pGM on which A/A~°° is expressed as a Weyl algebra. (See the next 
section for the definition of the Weyl algebra.) 

If such a localization is obtained by joining "divisors", then one may not loose the information 
about A~°°. Note also that the /i-regulated algebra A reconstructed by localized generator system 
must have A~°° part. That is, localized system might not be formal. Now it arises a big, basic 
question how A relates to the original A. A system in a laboratory must be a certain localization of 
the system of the whole universe. 

The next Proposition shows that ([2]) is a standard local coordinate system. 
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Proposition 2.1 Suppose (B, •) is the space of C°° functions on a manifold M and \i is given as a 
smooth function on M. Then, there is a local coordinate system with the property (J2J) on a tubular 
neighborhood of a compact fragment of an orbit of £o- 

Proof (Sketch) As fj]=0 gives £o(/-0 = 0, every orbit of £ is sitting on a subspace /i=s (constant). 
One may assume fi=s defines a manifold M s of codimension one. Consider a compact fragment c(r) 
of an orbit of £ - We assume £o( r ) = 1; an d we take a system of local coordinate s,U\, ■ ■ ■ , u m _i, 
Vi, ■ ■ ■ ,v m -i on a disk transversal to c(*). It is clear that £o(s) = and one may assume £o(wi) = 
and Co( u i) = for i — 1 ~ m — 1. As 7rf is nondegenerate, classical Darboux theorem shows that 
one may assume tt^ (ui,Vj)=5ij. 

By the localization theorem, the original ^-product can be restricted to the functions on this open 
neighborhood. Hence, we have fi=s and 

[/i _1 ,Mfc]=0, mod(jj), [/i _1 ,ffc]=0, mod(n), [ui,Vj] = jjiSij mod(n 2 ) 

On the other hand, we denote 

ad(r)(^» = 
The identity 

2i/j 2 5 ij ={T,fi5 ij ] = [r, [ui,Vj]] = [[r, [r,Vj]] 
together with [r, [v,i, Uj]] = [r, [v^ Vj]] = gives 2ifi 2 J = AJ+J l A. It follows 

(A— ifi) J+ J* (A— ifi) = 0, i.e. (A—ifi)J is a symmetric matrix. 

By a suitable linear change of coordinate one may set that 

[T,u k }=a k fi*u k ^ , [T,v k ]=b k [j,*v k -\ , 

and one may assume a k = b k = i after a further tuning. Suitable change of coordinate by a standard 
linearization procedure gives that [r, Ui]=ifi*Ui, [r, Vi]=ifi*Vi. Embed this system into a symplectic 
manifold, and the quantum Darboux theorem gives the desired result. □ 



u 

V 







ad(r) 



u 
v 



--A 



u 
v 



2.1 Abstract vacuums 

In physics, the vacuum may be defined as the lowest eigenstate of energy, but in our situation 
ad(yU _1 ) may not be semi-bounded. Here, we propose a little different notion of vacuums. We call 
an idempotent element w^A an abstract vacuum if 

w*w—w 1 w*A*w=C*zu. (7) 

Such an element is not contained in the Weyl algebra, but there are a lot of such elements in a 
transcendentally extended Weyl algebra. If w is an abstract vacuum and w*g*w=X g w, X g G C\{0}, 
then \~ 1 g*w is an abstract vacuum. 

It is remarkable that an abstract vacuum exists only in A~°°, i.e A non- formal . This is proved 
as follows: If zu*fi*m=czu, c ^ 0, then -fj,*w^fi*A is an abstract vacuum. As this is idempotent, we 
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see \n*wEA 00 and hence wEA 00 . If c=0, then (Al) gives 0=ro*yU*tz7=yU*G7+yU*a*/i*tu. Hence, 
/^*zuG/i 2 *A, and then tuEfi*A. It follows zueA~°°, and A*tu*A C 

If A is generated by 1, x\, • • • , x n , and Xi*w=0 or tu*Xj=0 holds for every i, then w is an abstract 
vacuum. We call such an abstract vacuum a standard abstract vacuum. (Note that there is a 
non-standard abstract vacuum, called a pseudo- vacuum in |19j.) 

Sometimes, it is natural to assume 

fi*w=cw, c > 0. (8) 
If the eigenspace decomposition J2 seI ©A s of ad(/i _1 ) is given, then setting C S =A S /L n A s , we have 

uT l *<j) s *vj = (s+c~ 1 )(f) s *w, a*(j) s *w = S *G7, 4> s G C s . 

cs+1 

As is viewed as the energy, the positivity s+c _1 >0 may be required, but there is no effective 
relation between w and <p s . 

The observation above suggests that the next target of the theory of deformation 
quantization is to construct /x-regulated algebras with abstract vacuums. 



As l=a7+(l— w) and A=A*to © A*(l—w), we see 

A=Cw © (l-w)*A*w © w*A*(l-zv) © (l-w)*A(l-w). 

In what follows we assume there exist closed linear subspaces C C (1— w)*A and 1Z C A*(l— ro) 
such that £ n „4~°°={0}, ft n ^-°°={0} and 

(1— hj)*£*zu=(1— w)*A*zu, zu*7Z*(l— zu)=zu*A*(l— w) 

and the projections 

7r : £=(1— zu)*£ — > (l—w)*C*w, 7r : TZ=TZ* (1—zu) — >■ ro*ft*(l — ca) 

are linear isomorphic. We set 

£=C*1 © (1-E7)*£, ft=C*l ©7e*(l-u7). 

Note that the projections n : C — > C*w, ir : 1Z — > zu*lZ are linear isomorphisms. As every aGA is 
written by 

a=m*a*m+(l— w)*a*w+w*a*(l— w) + (l— w)*a*(l— w), w*a*w=5 a vuECw, 
we see that S a zu+(l—w)*a*w G C*w, and 5 a +(l— vj)*a G C 

Proposition 2.2 Let L = {f E A; f*zu=0}. Then L = zu*A*(l-w)®(l-zu)*A(l-zu) and A/L is 
linearly isomorphic to £ and C*w. An element a of C is characterized by a=(l— vo)*a. 

Similarly, let R = {/ G A; ro*/=0}. T/ien R = (l—w)*A®(l—tu)*A(l—'0j) and R\A is linearly 
isomorphic to 7Z and w*C An element b of 1Z is characterized by b=b*(l— w). 
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The regular representation, which is called often a vacuum representation of A is defined for aEA 
by 

P(a) :£->£, P(a)(0)=vr- 1 (a*0*w). 
Since n~ 1 {a*m)*m=a*w, it is clear that P(a)P(b)=P(a*b). In particular, 

P(m)((p)=ir~ 1 (m*(f)*w)=5 ( f > , S^EC, S m =l (9) 

is a projection operator of rank one. In particular, £*£*w=£*w, but £*£=£ does not hold in 
general. 

On the other hand, there is a natural bilinear form ( , ) m : R\A x A/L — > C over C defined by 

w*ip*(f)*vj=l(i}j*(t)) m vj . (10) 
This is identified with the bilinear form 

( , > ro :ftx£^C. (11) 

In this note, we mainly consider the matrix representation given in the form £*w*TZ. Obviously, we 
have £*zu*lZ C A~~°° and 

(£*w*TZ) * (£*w*TZ) =£*zu*TZ. 
In typical examples, the bilinear form ( TTTj) is non-degenerate, and there are linear basis 

£ : e , ei, e 2 , • • • , efc, • • • , 1Z : f , fi, fi, • ■ • ,fk,'" > e =l=/o, 

such that (ei, fj) zu =5ij. In this case, we see ek*?u*fe is the (fc,-^) matrix element and w=eo*w*fo- 
They are elements of A~°°, but the representation space is spanned by {e k *w\ k = 0, 1,2, •••} 
together with certain topologies. 

3 Extended Weyl algebra 

Elements such as abstract vacuums are transcendental elements. For the systematic treatment for 
such elements, we have to begin with the transcendental extension of Weyl algebra. 

Let u=(ui, ■ ■ ■ ,u m ,u m +i, ■ ■ ■ ,U2m)- For an arbitrary fixed 2mx2m-complex symmetric matrix 
KESc(2m), we set A=K+J where J is the standard skew-symmetric matrix J— [j m ~o m ] . We define 
a product * K on the space of polynomials C[u] by the formula 

f* K g= fe*vK«<K)g = £ |§V-. ■ -A^d Ui ■ ■ -d u J d Uj . ■ .d Ujk g, (12) 

k 

where ih G C\{0} is a complex parameter. When K=0, the product formula (I12p is called the Moyal 
product formula. (In [15], [16], [E], [H], [19], * K -product is first denoted by * A , or * K+J , and then 
the notation * K is used after fixing the skew part J.) 

It is known and not hard to prove that (C[u],* K ) are mutually isomorphic associative algebras 
for every K. The Weyl algebra (W2 m [^]j *) is the name of the isomorphism class. 

In calculations in the algebra where we need only the commutation relations, we have no need to 
use the expression by K. Thus, it is natural to think that the algebraic essence must be free from 
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their expressions, which may be called the independence of ordering principle (IOP in short). But 
this is a dangerous trip. In highly transcendental elements, the expression parameter K plays an 
essential role (cf.§. l3.1.Tl) . We have seen in [16] that the expression parameter is essential even in the 
one variable commutative case. 

If K is fixed, the * x -product formula gives a way of univalent expression for elements of (W^m^]; *)■ 
Every element /* G (W^m [^] ; *) is expressed in the form of ordinary polynomial, which we denote by 
'■f*' K G C[u] and call this the i^-ordered expression (or i^-expression in brief) of /*. In this 
context, the product formula f[T2"j) is often called a -fT-ordered expression. K = (K l: >) = ((ui, Kuj)) is 
called an expression parameter. Via univalent expressions, one can consider topological completion 
of the algebra, and various transcendental elements. 

The intertwiner between i^-ordered expression and i^'-ordered expression is explicitly given as 
follows: 

Proposition 3.1 For every K,K' G Sc(2m), the intertwiner is defined by 

i K Af) = ex P (jE^'-^X^)/ (= rftirHf)), (is) 

k' 

which gives an isomorphism I : (C[uj; * K ) — > (C[«j; * K ,)- Namely, for any f,gE C[u], we have 

Intertwiners do not change the algebraic structure *, but these change the expression of elements by 
the ordinary commutative structure. 

The next formula is trivial, but often very useful in the concrete calculation: (Cf.§ l3.3.Tl ) Suppose 
K = K x +K 2 . Then 

K 1+ K 2 K 2 T K 1+ K 2 

J o = J o • (15) 



Example 1 Let Hol(C 2m ) (resp. C°°(Jil 2rn )) be the space of all holomorphic (resp. C°°-) functions 
on C 2m (resp. IR 2m ). By setting v = h~ in (1121) . and by fixing the expression parameter K in Sc(2m), 
we see that the Heisenberg algebra T^mM is a //-regulated algebra. 

Let :A: K = Hol(C 2m )[[i^]], (resp, :A: K = C°° (R 2m )[[u]]) , the space of all formal power series of 
v. Then, ()12p makes ('-A: K ] * K ) an associative algebra. As they are all mutually isomorphic by the 
intertwiners, the isomorphism class will be denoted by (A; *). This is a //-regulated algebra such that 
[^^={0} and 

A=Hol(C 2m )®is*A, resp. ^4=C 00 (R 2m )©z/*^l, 

involving abstract symplectic structure. The isomorphism class (A; *) will be called the formally 
extended Weyl algebra, or the formally extended Heisenberg algebra. 

Although the proof will be skipped, the next one is an important remark: 

Proposition 3.2 Changing expression parameter K corresponds to the replacement of complemen- 
tary subspace B. In fact, the latter is much wider than changing K . 
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3.1 Extension of products 

For every positive real number p, we set 

£ p (C 2m ) = {fe Hol(C 2m ) ; \\f\\ p , s = sup |/| e -M* < oc, Vs > 0} (16) 

where u = (u±, . . . , U2 m ) an d \ u \ — l^il 2 ) 1 ^ 2 - The family of seminorms {|| • || PiS } s >o induces a 
topology on £ p (C 2m ) and (£ p (C 2m ), •) is an associative commutative Frechet algebra, where the dot 
■ is the ordinary product for functions in £ p (C 2m ). It is easily seen that for < p < p', there is a 
continuous embedding 

£ p (C 2m ) c £ p <(C 2m ) (17) 

as commutative Frechet algebras (cf. [6]), and that £ p (C 2m ) is GL(n, C)-invariant. 
We denote 

£ p+ (C 2m ) = p| £ p >(C 2m ), (with the intersection topology) (18) 

p'>p 

It is obvious that every polynomial is contained in £ p (C 2m ), that is p{u) G £ 0+ (C 2m ), and C[u] is dense 
in £ p (C 2m ) for any p > in the Frechet topology defined by the family of seminorms {|| || PiS }s>o- 

We easily see that e^ aiUl G £i + (C 2m ). Moreover, it is not difficult to show that an exponential 
function e p ^ of a polynomial p(u) of degree d is contained in £d+(C 2m ), but not in £d(C 2m ). 

Theorem 3.1 (C/.|l3].|14j) For < p < 2, the product formula f lT^j) extends to give the following: 

(1) The space (£ p (C 2m ),* K ) forms a complete noncommutative topological associative algebra. 

(2) The intertwiner I extends to give an isomorphism of (£ p (C 2m ), * K ) onto (£ p (C 2m ), * K ,)- 

Hence we denote the isomorphism class by (£ p (C 2m ),*) (0 < p < 2), and we call this the extended 
Weyl algebra. This is naturally an ^-regulated algebra. An element if* of (£ p (C 2m ),*) is a family 

k' 

{H K \ K G iSc(2m)} such that I H K =H K ,, but it is convenient to denote H K by :H*: K . 

Note that the exponential function of a quadratic form can not be treated by Theorem l3.1[ 
In the case p>2, we see the next one: 

Theorem 3.2 (Cf. [TJ],[T1]) Forp>2, find p' such that - + ^>1, then the product (TT2|) extends to a 
continuous bilinear mapping 

£ p (C 2m )x£ p ,(C 2m )^£ p {C 2rn ), £ p/ {C 2rn )x£ p {C 2m )^£ p {C 2rn ). (19) 

If two of f,g,h G £ p (C 2m ) (p>2) are in £ p >(C 2m ), then the associativity {f* K g)* K h = f* K (g* K h) 
holds. Namely, £ p (C 2m ) is a two-sided £ p i(C 2m ) -module. 

3.1.1 Several remarks on the notation :A*: K 

In previous notes we had used notations such as :A*: K , and it will be used often in what follows. 
Here we have to explain what A* is. This is in fact the family {A K ; K G X} where A K are elements 

k' 

computed by i^-expression which are mutually intertwined by I K for every K, K' G X. X is a subset 
of Sc(2m). If X contains an open dense subset of Sc(2m), then we say that A* is given by a generic 
ordered expression. 
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Sometimes, elements such as 1 or J2k&z e * A ^ * s no ^ a dense subset. It contains only a 
nonempty open subset. Even in such a case we use notations :A*: K by indicating the domain X for 
A* . 

It is sometimes very convenient to compute under a fixed expression parameter K. In particular, 
Weyl ordered (K = 0) expression and the normal ordered (K = [§ J]) expression are very convenient 
to compute. However, such expressions are not generic. Therefore, the results might not be a generic 
result. 

However, the next Proposition shows that such a restricted expression can be a useful tool. 

Proposition 3.3 Suppose we have an identity 'C*: K =:A*: K * K :B*: K under a fixed K , and suppose 
:A*: K , :B*: K and their * K product :A*: K * K :B*: K are defined on a path K t , ie[0, 1]. Then, one 
may define :C*: Ki by :C*: Kl =:A*: Ki * Ki :B*: Ki . 

In general, the r.h.s. depends on the path to K to K\. Indeed, it causes the double valued nature 
of the ^-exponential functions of quadratic forms. Thus, a transcendental element A* in a *-algebra 
is defined always with expression parameters X(A*), and sometimes with the path from the reference 
point (cf. the notion of synchronized path selection in |18j). 

If X(A„) contains open dense subset, then it may not be explicitly indicated. However, T(A*) 
might be restricted in a very small region. Furthermore, in [17], [TJJ], we saw that a certain family of 
elements behaves very different way under some special expression parameters. 

3.2 Star- exponential functions 

The ^-exponential function el H * for H*&(A, *) is defined as the collection :el H *: K of its ^-expressions. 
If h is a formal parameter, then :el H *: K is defined as a series ~\'-H^'- K formally rearranged as power 
series of h. In the case h is not formal, the ^-exponential function el H * is not defined by a power 
series. If if* is a polynomial of degree 3, then the radius of convergence is in general (cf. |16j). 
Instead, these are considered as the solution of an evolution equation 

— :f t : K =:H*: K * K :f t : K , :f : K =l. 

This is a differential equation, if H* is a polynomial, but the solution may not exist in general, but 
a real analytic solution is unique. The solution (if exists uniquely) with initial data :g*: K will be 
denoted by '■e t ^ I **g*- K - 

Note however even though :el H * is not defined by itself, there is a case that '-ei H **g*'- K is wellde- 
fined for some initial data. Moreover, even though :e* *g*' K is not defined, there is a case where 
'■ e l H **g** e * tH *'- K i s welldefined as e tad ( H *>g*. 

To simplify notations, we often denote (aX, 6) = Y^fjLi rectify, (a,u) = Yli=i a i ut - These will be 
denoted also by aX*6 and (a,u) = a'u. It is easy to see that 

[(a,u), = ih(a,J, b) . 

If if* is a linear function, then this is given also as follows: By a direct calculation of intertwiner, 
we see that 

f\ e U«v)) = e wi< K '- K )\U^). (20) 
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Hence, {ess^e^ ^; A G S c (2m)} is a family of mutually isomorphic one parameter groups cf. 
PS] , [E] , [IB] • We have denoted this element symbolically by e* R ^ a ' u . Namely we denote 

: e f {a ' u) : k = e M aK > a ) e m<°.«> = e M aK > a )+w, («.«>. (21) 

The fact stated below is an example how a transcendental element depends on the expression 
parameters: 

Proposition 3.4 Iflm(aK,a) is negative, then the formula of Fourier transform gives 

/CO j 
: : A . <ft G £ 2+ (C 2m ). 

•00 

In particular, both 

J = ^ :, di, :(a,tx):^= - - ^ : e*'* 1 : K dt 

are ^-inverses of :(a,u): K under the calculation of * K -product. :(a,ti):~* belongs to £ 2 +(C 2m ). Two 
different inverses of a single element breaks apparently the associativity. 

Furthermore, if Im(aA, a) is negative, then ^^L-oo :e * m( ' a ' U ' ) : K converges to give Jacobi's theta 
function 3 (^(o,«)) in [TB]. 

Anti-automorphism and Hermite structure 

Note that generators of the algebra (W2 m , *) are only abstract symbols. It does not make sense 
to say that these are complex variables or not. To make it clear we fix an hermitian structure by 
introducing an anti-automorphism x — > x\ called the Hermitian conjugate, by defining 

u L k =Uk, k = l~2m, i b = —i, W = h. 



K 



An element H G W^m is called an hermite element when H L =H, but its A-ordered expression :H*\ 
does not have the property :H if : K —:H if : K in general. 
The next identity is useful. 

Proposition 3.5 If e* H * , el H * and ei H **e t J I * are defined for s,ieK, then e^ I *—{e^ I *) b . In particu- 
lar, e*" 1 is an hermite element for every i el. 

Proof. Set f t = el H % g t = ef*. Then £f- t ={-H m )*f_ t . It follows &fL t =fL t *(-H>). Thus, we 
have 

j/_ t *gt=f-A-K+K)*9t=V- 

It follows el m =(ei H *y as /i t *^=l. □ 
If A* is hermitian and F t —ef H * exists, then F t is unitary, since we have the primitive conservation 
law: 

j/ L t*F t = 0, F l *F = 1. (22) 
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3.2.1 The case p e H 2m M 

Suppose first that p mentioned in §[T] satisfies pGT^mH, then p must be a linear function 



(a. u)=J^ («,•//,•+ 



i=l 



By Proposition l3.4l if lm(aK,a) is negative, then (a,u) is invertible. 

Suppose p—U\ for simplicity and denote its inverse by u^ . Then, the algebra generated by ^ 
in §[TJ turns out to be generated by 

% 2 *z/, U±}*Vx, u±}*u 2 , • • • , 1i^« m , u^*v 2 , • • • , u^*v m (23) 

where the calculations are executed by the * K -product formula under the .fT-ordered expression. 
Thus, the suffix such cLS ^ j( i '• '• j£ £1X6 omitted. 
For simplicity we denote these as follows: 

/x, r, u k , v k , k=2~m 

and let A be the algebra generated by these in £ 2 +(C 2m ). Using [v,i ,vi]=ifiUi , [uj , Uk]=0=[u^ o , v k ], 
k = 2~m, we have 

[/i _1 ,r]=2i, [Hi, Vj]=fii5ij, [T,Ui\—fiiUi, [T,Vi}=fiiVi, all others are 0. 

As [pi, Ui]=0—[pi, Vi], 2=2~m, {fi,Ui,Vi} generates the Heisenberg algebra %2m[lA- Hence A is a 
/^-regulated algebra %2m[n>i t\. As [r, p^ 1 } = — 2i, r may be viewed as a canonical conjugate of /i" 1 . 
Now join u\ to T-L2m\p, T ]- This is also a p> regulated algebra. 

Proposition 3.6 A suitably extended [i-regulated algebra such as %2m\^i U\, r] contains no standard 



abstract vacuum (cf. § \2.1 



Proof. Suppose there is a standard abstract vacuum w in w G r H2m[^i u \i t]. It follows zu*u 1 =0 or 



u 1 *o7=0. Hence we have j-w*el Ul *w=0 and hence zu*el Ul *zu—zu. Now recall the formula 



fO 

w 1 ; 1 *«r° 1 = / 2s:el Ul : K ds. 

J — oo 

Using this we have 

2sel ui *mds= / 2szu*el Ul *wds=oozu. 

-oo J — oo 

It follows W*fi*W=OOtO. □ 

Apparently, this is caused by the choice w^e^+CC 2 " 1 ). If this is replaced by the embedded 
Heisenberg algebra given in § 13.2.2^ then we can find an abstract vacuum in it (see §HJ). 
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3.2.2 Heisenberg algebra embedded in Weyl algebra 

In what follows we denote by 

x , xx, ■ ■ ■ , x m , y , yi, ■■ ■ ,y m (24) 

natural coordinate functions of C 2m+2 . Consider the Weyl algebra (W / 2m+2[^-], *) generated by setting 
the relation [xi,yj] = —ih5ij. Fix a generic expression parameter K £ S<c{2m+2). In what follows, 
all calculations executes under the i^-ordered expression and * A ,-product formula. We first embed 
the Heisenberg algebra ^ 2m [H into (£i + (C 2m+2 , * K ). 

In this algebra, we make first the ^-exponential function e tyo . As it was seen in § I3.2[ the exponen- 
tial law e sya *e tyo =el s+i ^° holds and the -fT-ordered expression is :e tyo : K =e ! ^ s ' e e±y ° by using a suitable 
constant 5'. Hence e sy ° is an element of Si + (C 2m+2 ) . 

Set n = h*e~ 2yo . As h>0, the exponential law and Theorem[3H show that he~ 2yo * : £i + (C 2m+2 ) -> 
Si + (C 2m+2 ) is a linear isomorphism. 
We set furthermore 

H = he~ 2yo , t = ^(e~ 2yo *x +x *e~ 2yo ), Ui = e~ yo *x h Vi = e~ yo *yi, i = 1 ~ m. (25) 
They are all hermite elements (cf .§ 13.21) and 

T = e -2y°*( Xo+ ifr)=( Xo -ih)* e ; 2yo , 

as [e~ 2m) ,Xo] = —2ih~e~ 2yo = — H\i. Using these we have 

[t,/i] = 2z/i 2 , \jj,,v,i]=0, \pL,Vi]=0, [r,Ui] = fAi*Ui, [r,Vi] = yi*v u [ui,Vj] = -i^dy. (26) 

As r] = 0, we see r] = 2i. The algebra generated by these will be denoted by 'H-2m[y, t\. 

It is clear that T-L 2 m[f'^} contains the Heisenberg algebra. Since /i _1 °r = rXi, E t is defined as the 

automorphism Ad(el ihX1 ). 

On the other hand, note that [h~~ l el yo , e~ 2yo *xo]=2i, although e~ 2yo *xo is not hermitian. Hence 

f=e~ 2yo *x Q may be regarded as a canonical conjugate of yT 1 . Since fi~ 1 *f = Ixq, we see Ad(el ihX °)=E t . 
Thus, by using f instead of r, we have the same commutation relations as (I26p . 

Summarizing these we see the next 

Theorem 3.3 Heisenberg algebra T-L2m[t J ] is isomorphic to the subalgebra o/^2m[|U, t] (c Si + (C 2m+2 )) 
where \i corresponds to h~e~ 2yo , and ^(e~ 2yo *xo+xo*e~ 2yo ) is a canonical conjugate of y~ x . 

On the other hand, H^milA is also isomorphic to the subalgebra ofH2m\p,f], although f is not an 
Hermite element. 

Besides the topological completeness, ?/2m[/-t> t] (resp. %m[jU, t]) satisfies (A.1)~(A.4) and all 
properties of contact Weyl algebra, where ^d r (resp.^d?) is the characteristic vector field and B= r H,2m\j\ 
(resp.n 2m [r]), 

In §HJ a vacuum representation of 'H.2m\_t i i T \ wm given. It is rather surprising that :e** r : is 
defined by a difference-differential equation, and Ad(e* ir ) is defined only for t>0. Such a semi-group 
property is familiar in heat equation. But, this appears clearer in the calculation of e* ir under the 
Moyal product formula. 
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3.3 *-exponentials of quadratic forms 

To define v/pf mentioned in §(U we have to use the formula of Laplace transform 

1 1 r 7f-" dt - 



Thus, we have to know first the formula of ^-exponential functions of quadratic forms. 

As (W / 2m+2[fr], *) = *)®(W / 2m[^], *), main properties of Weyl algebra are explained in 

(W 2 [ft], *)• Let (W^ft], *) be the Weyl algebra generated by x, y. 

Let K— ^ p be the expression parameter. In this section, we summarize properties of some of 

*-exponential functions of quadratic forms. The i^-ordered expression of the ^-exponential function 
el ih2x v is given as follows: By setting A=e*+e~ t — c(e*— e _t ), it is given by 



Setting 88' = p 2 , we see 



y/At-iet-e-tySS' = e~ l y/((l-c+p)e 2t +(l+c-p))((l-c-p)e 2t +(l+c+p)). (28) 
Set H*=jf2x°y. By (l2"7j) . we easily see the following under generic expressions: 

(a) el H * is rapidly decreasing on M of e"'*' order. 

(b) e* H * is 47rz-periodic :e* Am ' H *: K = :el H *: K . In precise for generic ^-expressions there are a, b 
depending on K such that — oo<a<6<oo and 

(b,l) if a < s < b, then :e* %t ^ H *: K is 27r-periodic. 

(b,2) if s<a or b<s, then :e* +lt ^ H * : K is alternating 27r-periodic. 

(c) linij^-oo :e~ t el H *: K is a nontrivial element denoted by :woo'- K - We call this the vacuum. 

In precise, the path tending to — oo should be in the same sheet as in the origin 1, as *- 
exponential functions have double branched singularities as it is seen in (12 7p . By the exponential law 
e t el H *=e t S H * +1 \ zu 00 is idempotent, i.e. zu 00 *zu 00 =xxj 00 and the bumping identity y*(x°y)=(x°y+ih)*y 
give the property that 

y * Woo =0=m o*x. 

Similarly, a nontrivial element w = lim^oo e t el H * is called the bar- vacuum. This is an idempotent 
element such that x*woo=0=zuoo*y ■ 

(d) Let w=x+iy, w=x—iy. Then w°w=xl+yl, [w,w}= — 2h. By a similar calculation gives (cf. (18] ) 

tj{xl+yl) _ 1 \ A in n) ( ( cosh t ~ S ' i sinh *)" 2 +(cosh t-fo sinh tW +2ra(sinh z)uv) /^qx 

'' K ~7^f K 
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where A K (t)= cosh 2 1— (5+5')i sinh t cosh t+(c 2 — 55') sinh 2 1. 

In generic ordered expression the complex vacuum :wc'- K is defined by 

:zu c : K = hm :e e* h : K . (30) 

t— >— oo 

This exists by fl29l) and this is an idempotent element satisfying w*zuc=0=wc*w , providing the path 
tending to — oo avoiding singular points belongs to the same sheet as in the origin 1. 

In spite of the double valued nature caused by ^T, the exponential law holds by computations 
such as \foi\[fi=\/ otfi . If K=0, then it is called the Weyl ordered expression, and if c=l, 5=0=5' , 
then it is called the normal ordered expression. These are often used in physics, but general 
-fT-expressions are not used in physics. 

For a degenerate quadratic form, the formula of the ^-exponential functions are given by the case 
of one variable, and hence 



in 



:e* : = — pin-ts* 
yih—t5 



Similar to vacuums, there exists the limit 



lim :\fte* ih 



t— >CO K 



e «' 



and '■e* ihX *'- K * K 2 i=ke l * x2= ~7=% e fx 2 _ However, as s/te\ ihX * is not a one parameter subgroup, the 



limit is not idempotent, but lim t ^. 00 (y/ie* MX *)l diverges. 



3.3.1 Abstract vacuums on several variables 

Let x ,Xi, - ■ ■ , x m , i/o, yx, ■ ■ ■ ,y m be generators of W^m^t^]- We want to apply the formula for the 
case m=l mentioned above to the *-exponential functions of quadratic forms of 2m- variables. 

Obviously, the i^-expression yi)*g(xj, Vj): K of Vi)*g(xj, Vj) is computed by using only 

submatrices relating components. For a given K, let 

Then it is clear that 

yi)*g*(xj,yj)-- K --f*(xi, Vi)-K {i) * K{i>j) : 9*(^,yj)- Ku) ■ 

Recall now how the product e^**F is defined. This is defined by the value at t = 1 of the real 
analytic solution of 

±f t = H m *f t , f =F. 

e^* k * ■ ■ ■ *e^* 2 *e^* 1 *F are defined similarly. Such products may be called the path connecting prod- 
ucts. Hence in general e^* 2 *e^* 1 *l might be different from ef* 1 *e^* 2 *l, even if H* 2 ]*=0- Re- 
calling § I3.1.1[ the next Proposition is not trivial. 



K, 



K, 



K 



K, 



m-\-l,m-\-i 



K 



(ijy- 
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Proposition 3.7 In generic ordered expression, we have 

e taixi°yi ^ e ta2X2°y2 ^ . . . ^^tamX^ym =e t(aixi°yi+a,2X2°y2-\ ha m x m °ym) 

if each component has no singular point on the interval [0,t]. 

Recall the remark given in § 13.3.11 about how to apply the formulas in the case m — 1 to the case 
m > 2. 

In what follows, several abstract vacuums which can be joined to the algebra £i+(C 2m+2 ) without 
trouble, although they are in £ 2 +(C 2m+2 ). 
Let 

m m 

w(L )=wqq*w(L)=wqq* Y\ * w oo(k), w(L )=w o*w(L)=w 00 * *xu o(k), (31) 

k=l k=l 

where cc7 00 (A;)= lim i _>_ 00 e\ ihXk Vk , ^oo= lim^oo e t ^e* ihX ° Vo . These have properties as follows: 

y k *m(L )=0, (&=0~m), x *w(L )=0=w(L )*y , y k *w(L )=0, (k=l~m). 
Similarly, on C m , the complex vacuum w<c is given by 

w € = lim e* ECi * ?i . (32) 

s— >— oo 

This satisfies Cj*^c=0. 

As it was mentioned in §HJ there are various abstract vacuums. As w(L Q )*ey o *uj(L )=w(L ), we 
see el°*w(L ) is an abstract vacuum such that by using (xo+ih)el° =eV *xo 

(x +ih)ef*w(L )=0=T*ef*w(L ). 

We denote this by 

S w (Zo)=e«°*S(Zo) (33) 

In what follows, we use the same notations as in 025]). Under the notation (J25]), el ST *zj 00 has the 
property as follows: 

Proposition 3.8 For \2sh\<l, w 00 *e^ lST *ot 00 =- 7 ==g7 00 . In particular, V l+2sh e* ST *w 00 is an 
idempotent element such that 



-cuoo*xo*V l+2sfi,e* ST *ro o=0, w 00 *yo* \/l+2shel ST *woo=ihV l+2s/te* sr *ro o- 
In particular, e~ lST *w(L ) is an abstract vacuum for \2sh\<l. 
Proof Note that zuoo*x = 0, e~ 2yo *zu 00 =Wo . Computing taJ o*(t™)*zuo gives 

m 00 *(-isT*y i *moo=(^) n (-sh) n *w 00 , (a) n = a(a+l) ■ ■ ■ (a+n-1). 

Hence 

y~] m o* — (-isT*) n *zu 00 = ^ —(-) n (-sh) n w 00 = ^_ =*ro 00 , \2sh\ < 1. 

n n y 

In ( 154)) later, the condition |2s/i|<l is relaxed to l+2sh > 0. □ 
We denote this by 

w s (n)=e: lST *6j(L ). (34) 
uj yo (L ) and w s {%) will be used in §SJ 
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3.4 Reductions vs Restriction to the Energy surface 

Consider the most familiar case p 2 = Yl^ii^^Uk+v^Vk) mentioned in §[TJ Set 

(k=u>k+iVk, (k=Uk-iv k , k = l~m. 

Then, p 2 = Y^k=\ Cfc°Cfc? where a°b=^(a*b+b*a) . First of all, note that (12"9"]1 and the comment given in 
§ 13.3.11 give the following: 

Proposition 3.9 In generic ordered expressions el P * = YYk=i *e t £ k °'> k and J °° e* tp *dt is defined to give 
an inverse of pi . Moreover, the Laplace transform gives 




As p 2 has the property E s (pl)=e 2s p 2 , changing variables in the integration gives easily E s p^ 1 =e s p^ 1 . 
E^-invariant elements are generated by 

v*P* 2 , P* l *(k, (k*P* 1 , k = l~m. 

We denote the generated algebra by A^S 2 ™ 1 ' 1 ) in the space £^2+(C 2m ). 
For simplicity we denote 

p=v*p~ 2 , £k=P* l *(k, &=C**p« \ k = 
Although they are not hermitian, we see easily 

m 

[p~\6Kfc, [^~\ &]=-&, J2tk*tk=l-2miM. (35) 

k=i 

It follows that e itad ^" 1 )(^)=e i *^ fc , e ftad ^" 1 )(^)=e- ft | r fc , and Ad(ejf _1 ) causes an ^-action on ^(S 2 ™" 1 ). 
Hence ^-invariant elements form a subalgebra *4.(P m _i(C)) generated by 

P, 4*6, l<k,£<m. 

Furthermore, as p 2 *Cfc=Cfc*(P*+ 2z/ )> P**Cfc=Cfc*(p*-2^), we have 

i 1 i r 00 1 i 

vWo Vt V^Jo Vi a/p!^ 

Using yj p 2 : +2z/=p** v /l+2p= A /l+2p*p*, we have 

P* 1 *0fe=Cfc*p* 1 *v /1 + 2 A t 1 

Similar calculation gives 
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By using first two identities (without using 2/i) we have that 

&]=0=[&, &] = " j^2~*(2^w+^*6) (36) 

where we used the fact that 

Proposition 3.10 T7ie algebra A(S 2m ~ l ) generated by {/i, = l~m} a contact Weyl al- 

gebra such that ad(i/i _1 ) gives an S 1 -action on A{S 2m ^ 1 ). Commutation relations are given by ([531) 
and (E6l). 



For every non-negative integer n£N, we see \pi \^]=n£™, [/x = — Hence ^.(S 12 " 1 x ) 
has the eigenspace decomposition of ad(/i~ 1 ) 

.A(5*™-i) = ^ e ^(5*™-i) j ^(5 ,2m - 1 )*^(,S 2m - 1 )=A+F(^ 2m " 1 ), W e Z. 

The subalgebra .Ao(iS' 2m_1 ) = -^•(-fm-i(C)) may be viewed as the algebra obtained by the reduction 
procedure. 

3.4.1 Complex vacuum representation 

Computations in this subsection execute in generic ordered expressions and the suffix : : K will be 
omitted. Here we use the vacuum (]3"2"j) Hence we have ^*roc=0, Y^k=i £fc*£fc*^c = (l — 2m/x)*wc=0. 
As ^*wc=2mwc, we have 

i /*°° i 1 1 

P* *wc=—^= / —i=e atwc=—^^='coc, JpL*wc— , — Q?c- 
V 71 </o yt y2mv y2m 

pl*h(Q*wc= ^2(is( k d k +2v)h(()*u} C , n~ l *h(Q*w c = ^(Cfc<9fc+2)/i(C)*w c . 

k k 

In particular, for every polynomial Pk(C) °f degree fc 

/-^ 1 *Pfe(C)*^ r c=(^+2m)p fc (C)*ro c , /i*Pfc(C)*^ r c= fe+ 1 2 ^ Pfc(C)*^ f c- 
As el^ Q<1 *p k (Q*w c =e^ k+2m ^p k (Q*w c , we have 

^*P*(C)*^c=-7====CiP*(C)*^c» £i*Pk(Q*&c= n h d iPk(C)*^c- 
yk+l+zmu yk+2mv 

Hence, there is no canonical conjugate of 

One can use C[^]*wc as the representation space. Then 

fi~ 1 *Pk(^)*^c=(k+2m)p k ^)*wc, 

The formula for £,i*p k (£)*wc is complicated. 
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3.4.2 Localizations joining divisors 

Consider now localizations by joining divisors, say 

(Cfc*C*)+\ k = l~m, 
where (C**Ck)+ 1= / °° e^ k<h dt. C k =(k*(tk*(k)+ 1 is a left-inverse of C i-e. C*C*=1, but 

Cfe*C— 1 — li m fc *^ fc (partial complex vacuum). 

t— oo 

Recalling the generator system (1231) . we consider a new generator system for E t - invariant elements 
in generic ordered expressions 

^(CiKC^Ci); 1 ) 2 , ^Ci*(Ci*Ci);\ g*g*(Ci*Ci);\ chc^g); 1 *^ fc = 2~m 

For simplicity, denote these by 

fJ>, r, r} k , fj k , k = 2~m, 

and let A be the algebra generated by these in £ 2 +(C 2m ). 
By using 

we easily see that 

[/!,r]=2/i 2 , [r, [r,r/ fc ]=/i*%., [%, 7^]=//^, others are 0. 

Hence, this system generates a contact Weyl algebra with a canonical conjugate of yT 1 . Moreover, 
one may join £i to ^4 and A[Ci] is a /i-regulated algebra. However, just as in Proposition l3.6l there is 
no standard vacuum w such that Ci*n7=0 or tc7*£i=0 holds. This is because tx7*d=0 gives w*.4={0} 
and Ci*^=0 gives yU*w=oo. 

4 The case embedded Heisenberg algebra 

We saw that the semi-boundedness of y~ l suffers the existence of its canonical conjugate, and the 
localizations by joining a divisor or an ^-inverse of some element defined by integrals suffers the 
existence of standard abstract vacuum. 

Recall now the embedding, given in § 13.2.21 Theorem l3~31 into £i + (C 2m+2 ). This may be viewed as 
a local normal form of the system mentioned in the previous subsection. In this case, the element 
p 2 =el V0 is brought from the outside of original Heisenberg algebra %2m [/•*]• Namely, fi 1= h 1 e 2yo is 
an external energy variable. As fi=he~ 2yo , and T=^(e~ 2yo *xo+xo*e~ 2yo ) is a canonical conjugate of 
r may be viewed as the external time. 

In the extended Weyl algebra generated by x ,y , we denote the vacuum 

l- it t Jh x °°y° 

zu q= nm e 2 e* 

t— >— oo 
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Note first that w 00 in not in £ 1+ (C 2m+2 ), but in £ 2+ (C 2m+2 ). 

The abstract vacuum m s ('H)=e~ lST *m(L Q ) given in (]34|) will be called the Heisenberg vacuum 
after showing the remarkable property that e~ lST *w(L ) = for < in the later section (cf. 

Theorem l4.2l) . Using {jjT 1 , e~ lST ]=she~ tST and fi~ 1 *w 00 =^zuo , we have 



> 
< 



We take the representation space as 



Then, we see Uk is represented as a multiplication w/ c ^/(s,ife)*w s (7/) = (ttfc^/(s,tfe))^w s ('H), and 
{i*f(s,u)*w s (U)= l+2hs f(s,u)*w s (U), v k *f{s,u)*w s {U)= - 1 g d k f(s, u)*w s {%) . 

and r are canonical conjugate pair, r is represented by a similar form to X = j- ^J^ =1 u k *v k 

fi m 

H ^ (3?) 
ir*f(s,u)*w s (H) = — -— ^ u k d Qk f{s, u)*m s (H)+f{s, u)*id s w s {U) 

s fc=i 

In the representation space /i behaves as 1+ l 2hs ■ Tending s — > oo gives fi — > 0. This gives a 
classical limit. The most remarkable fact is that Ad(e* tr ) is well-defined only for t > (cf. 
Proposition l4.4p . Hence, 

e: tT *f(s)*w s (H)=f(s)*w s+t (K) 

for only t>0. In general, 

h 



e^~ lT *f(s,u)*w s (n)=f(s,E a{s)t (u))w s+t (H), t>0, a(s 



l+2sh 



Vacuum representation with respect to w yo (L ) 

On the other hand, as (x +ih)*el°*Woo=el *x *Woo, the abstract vacuum satisfies t*w vo (L o )=0 
in generic ordered expression, and hence 

e l tT *^yo(L )=w yQ (L ), teC. 

As [ir, fi~ l ] = [ir, /i _1 ]=2, we have 

[it, f{p)\= -2/i 2 /'^), [ir,VAfl=4= 
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It follows 

^*/(^~ 1 )*W OT ( L o) = [^ ) /(/^" 1 )]*Wj/o(^o)=2/ / (yU^ 1 )*ro. yo ( J Lo)- 

On the other hand, as u k =^j=*Xk, we have [if,u k ]=fi*u k , hence 

if*f(u)*w yo (L )=iJ,*^UkduJ(u)*uj yo (L ). 

k 

Let Hol(C m ) be the space of holomorphic functions of u\ • ■ ■ , u m . We set the representation space 
by 

Hol(C m+l )[fi^~%w yo (L ). 
Then, we see uj, and /i -1 are represented as multiplications and 

T*f(fi~\u)*Wy (L Q )=i ^2 Ukdu^fifi" 1 ,^)*^^). (38) 

k 

In particular, considering the equation with initial data /i~ 1 *ro yo (L ), 

^ef T */i~ 1 *ro W) (Io)=e^ r *[r,/i- 1 ]*roj /() (Xo)=2*ro W) (Io), 

we obtain 

ei tT *i2~ 1 *w yo (Lo) = (i2~ 1 +2t)*w yo (L ), teC. 

In general 

e: tM " lT */(/i-\M)*^o(^o)=/(/i- 1 (l+2t),^(w))*w w (I ) 



This gives also 



el tT *fi*w yo (L )= i +2t *^yo ( L o)= i+2tn * Wyo ^ ' teC ' 



One may take C°°(M m )[/i 1 , fj]]*w yo (L ) as the representation space, where \i and Uk are represented 
by multiplication operator, and 



f(^u)*w yo (L )=f (j-^, E t (u))*to yo (L ). 



Here, to avoid singularities, we have to treat fi in a formal //-regulated algebra by setting 

T -^-=(l-2t / i+(2t / i) 2 +(2t/i) 3 - 
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4.1 The star- exponential functions e* <T *F, F*e 



To give the proof of Theorem l4.2l we start with a little general setting. Now, recalling 

■.r: =e~ 2yo x , x *e- 2yo =e- 2yo *(x +2ih) 

we consider the ^-exponential function :e** e vo * ( - xo+lh ^ : ^^ or *_the product :e* te v °* ( - X0+ih ^F : ^_ 
The equation for these are 

^-F t = :(te; 2yo *(x +th)): K * K F tl F = :F: K 

f (39) 
-F t = F t * K :(ie~ 2yo *(x +ih)): K , F = :F: K . 

As the Hermitian structure is defined, applying the anti-automorphism a — > a to the first one to get 

jFt = -Ft* K .(K 2y °*(x +th)): K , F = {F: K . 

Minding the uniqueness of the real analytic solution, we may assume that F t = F t (xo,yo) and all 
computations carry out within these two variables. 

In what follows, all computations execute under the Weyl (K=0) ordered expression. If the 
expression parameter K is restricted to K=0 (Weyl ordered expression), we denote : :o in such 
computation. Since 



x +ih)* F t (x , y )=(x +ih)F t (x , y )-—d yo F t (x , y ), (x +ih)* F t (x , y ) = (x +ih)F t (x , y ), 



ih 
~2 

and 



-2yo 

we see that (BSD turns out to be 



,u *o f{x ,y ) = e 2vo f(x -ih,y ), e 2yo * & f(x ,y ) = e 2yo f(x -2ih, y ), 



j/t(x 0} y ) = ie- 2yo x F t (x -ih, y ) + ^e~ 2yo d yo F t {x -ih, y ), (40) 

with initial condition Fq. 

Putting F t (x ,y ) = G t (x , y )e&( Xo+tK > Vo , the equation (j4"U|) becomes 

d h 
dt Gt(X(hyo) = 2 

(14 lj) is not a differential equation, but a differential- difference equation. 



G t (x , y ) = - e - 4 y°d yo G t (x -ih, y ), G = F (x , y ) e -^ 0+m ^. (41) 



The case G t (x ,y ) is periodic. 

If G t is restricted to periodic functions G t (xo—ih, yo) = G t (xo, yo), then ( 14T|) turns out to be 

{dt-^e~ 4yo d yo )G t (x ,y ) = 0, 

and the solution with the initial data is given by 

G t (x ,y ) = <p(x ,2M+e Ayo ), G (x ,y ) = ^(x ,e 4 ^) 
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by using every holomorphic function (p(u, v) such that ip(u+ih, v) = (p(u, v). Thus the initial function 
G (x ,y ) must satisfy the periodical conditions G (xo~ ih, yo)=G (x , y ). This is equivalent with 
F(xo-th,y )=F(x ,y )e- 2 y°. 

Hence :e ltT \Q is not defined by itself but it is defined only in the form :e ltT *F*:o. That is in the 
form of solutions of equations written under the Weyl ordered expression with the initial data F*. 



For any (p(x ,y ) satisfying <p(x -ih, y )=<p(x , y ) (e.g. <p(y )), we set F=(p(x , e Ayo )e 
Then, we see 

:ef T :o*o^(^o,e 4s/0 )e^ {xo+i%0 =^(xo,2/lt+e 4yo )e^ (a:o+i/l)w . (42) 
Thus, if teC, then ip(xo,yo) must be entire w.r.t. y . Recalling 

:m 00 : =2e^\ :f(y )*m 00 : =f(2y )2e^ oyo , 



we see e«^ UT " vyu =:e yu *Ct7 o:o- 

In particular, restricting <p to a entire function ip(z) and noting that <p(e 2yo )=:cp(el yo ):o, (142]) is 
written as 

:ef^(e^)*ef*Woo:o=^(e^ +2^)*ef*Woo:o- 

Although the computation was done under the Weyl ordered expression, one may write this without 
suffix : : , that is, 

e* T Mel yo >ef *w 00 = ip(e 2yo +2M)*e yo *w 00 , (43) 

as all terms in r.h.s. can be intertwined to generic expressions. 
Recall that e yo *Woo is an abstract vacuum such that 

^oo*yo=0, (x +ih)*ef*w 00 = 0, ir*ef *W 00 = 0. 

Hence, (1431 may be written as 

ef Mel V0 >e* itT *eT *^oo = Ad(ef )(p(e*°)*e* *woo=cp(el yQ +2tvt)*e yo *w 00 , teC. 

On the other hand, it is easy to see that [ir, e 2yo ]=2h, [ir, [it, e* yo ]]=0, • • ■ . This gives 

exptad(zr)^(e^°)=^(e^°+2^), teC 

for every entire function tp. 

Applying these to e~ 2yo , we have 

ef *e- 2 *°*ef *w 00 = (e 2y °+2M)- 1 *e y :°*w OQ =e; 2yo - } — * e f*m 0Q . 

exptad(ir)(e; 2yo )=e; 2!/0 — =-, teC. 

This is the same to the previous case w yo (L ). 
Fourier transform expressions 
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Next we want to remove the periodical condition G (x —ih, y ) = G (x , y ). Instead, we assume 
that t is a real variable and G t {xo,yo) is written as 

/oo /»oo 
a(t,^y )e* x °tir^ G (x ,yo) = / a(0, £, y )e^ Xo ct^ 
-oo J — oo 

by using tempered distribution a(t, £, yo) of compact support with respect to £. 

If xq, yo in (I44|) are treated as real variables, then the compactness of the support is removed, 
but G t (xQ—ih, yo) must be viewed as the shift of £ 

/oo /*oo 
a(t, £, yo)e^- lh) <ti = / a(i, £, y )e^ x °^. 
-oo J —oo 

Precisely, a(t, C,Vo) is regarded for every (t,y ) as an 5'- valued function a(t, yo)(£) for every test 
function G 5. It is remarkable in the Weyl ordered expression that the equation ()4ip is changed 
into the differential equation 

(e-^-^e- 4 ^^ )a(t,e,2/o) = (44) 

involving £ as a parameter, i.e. 

J (e-^d t a(t,y )(0 - 5 e -4»^ fl (f, t/ )(0)^(£)^ = 0. 

(jUJ) shows that a(t,£,yo) is constant along the real vector field e~^d t — ^e~ 4yo d yo on the (yo,t)- 
surface. That is constant along the integral curves of this vector field. Hence, the solution is 

a(t,C,Vo) = 0(£,2fa+e- r V^), a(0,t,y ) = e^e 4 *") (45) 

by using a function 4>(£,r)) on IR 2 such that /(£) = <f)(C,,2ht+e~ h ^e Ayo ) is a tempered distribution of 
compact support. If we allow xq to be a real variable, then the condition of compact support is 
relaxed simply as follows: 

Condition 1. h{rf) = 77) is a iS'-valued C°° function such that for every 77, and for every (t,yo), 

0(£,2frt+e- r V yo ) 

is also a tempered distribution w.r.t. £. 

Lemma 4.1 If (f)(£,r}) is a C°° function such that |9™ </>(£, 77)77" | < 00 /or ewer?/ n, £/ien Condition 1 
is fulfilled. 

Proof As 

^0(£, 2^+e-^e 4s/o ) = (^0(e, 2ht+e-^e 4yo )+he- K e Ayo d v ^, 2ht+e~ hii e Aya )). 

Repeating this it is enough to show the boundedness of 

(/^- / V yo ) n <9;0(£, 2M+e- f *e 4yo )) 
This is easily checked. □ 

So far, the variable yo has been regarded as a complex variable, but Condition 1 allows xo to be 
a real variable. Such an unbalanced situation yields the following: 
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Theorem 4.1 If the initial condition a(0, £, yo) has not periodic property a(0, £, yo)=a(0, £, |/o±|vrz) ; 
i/ien i/iere is no solution of ( 13 9 p . T/ws periodical condition is equivalent with G(xo, yo^\^i)=G(xo, yo), 
and with F(xo, yo±^7ii)=F(xo, yo)e^ x °. 

In particular, the complex *- exponential function e z J cannot exist by itself. It exists only in the 
form e ZT *F with initial function F with a quasi-periodical property F(xq, yo+7ri)=F(xo, yo)en xo . 

As t and £ are real variables, it is natural to allow yo to be a real variable. Then, (J44]) can be 
solved without any restriction. 

To simplify the argument, we put several assumptions in what follows: 

Assumption, ft is a positive constant, t, £ and yo are real variables. Under such restrictions, :e** r :o 
may be expressed as a function F t (xo,yo) of real variables. 

In real variable expressions, it occurs a strange phenomenon. Fix £ arbitrarily. If we set 
rj=2Ht-\-e~ h ^e Ayo , then a(t,£,yo) is constant on the curve r]=2ht+e~ h ^e iyo . Thus, if rj < 0, then 
n—e~ h ^e Ayo =2ht is negative. Such a curve does not cross the initial line t = 0. As the initial data is 
given at t — 0, the initial data must be given only when r]>0 by the form 

a(O,£,|/ o ) = 0(e,r / ), ri = e-^e 4 y° i.e. Ay = H+hgr,. (46) 
Another word, we have 

Proposition 4.1 // a(0, f, y )=a(0, f, \(h£+ log 77)) = /or 
77 > 0, i/ien a(t, £,t/ ) — /or V£ > ; i/iai is, G t (x ,7/ ) = 
forMt > 0. 

Given 0(£,7?), the data at t = is e~ ri?+43/0 ) given by 
using only the values on rj > 0, and the data at t = to is 
4>(^,e~ h ^ +4yo +2hto). Some data at t = disappears in the 
time to>0, and some data on 7/<0 is used at to<0. 
Another word one may choose arbitrary function on 
the domain 77 < 0. For fl39|) the uniqueness does not 
hold in the direction t <0. 

Proposition 4.2 If one sets <$>(£, rj) = for 77 < 0, namely one does not use the data for rj < 0, then 
the solution of f !5U|) is uniquely determined by the data at t = 0. 

Now, start with an initial (t=Q) data a(0, £, 7/ )=a(0, £, |(^+ log 77)), and take the unique solution 
a(s, £, log 77)) at s (s > 0). This is uniquely determined but the data at 0<r]<2hs is not used 

in the data at t = s. Now, want to restart using the data at t—s as the initial data and go back to the 
line t = 0. Then the original data at t=0 is not recovered. This procedure violates the exponential 
law, that is, the associativity of the one parameter product formula. 

Now, integrating the result in Proposition ^. II by £, we have 

Proposition 4.3 For an arbitrary tempered distribution 77) w.r.t £ satisfying Condition 1 and 
77) = for 77 > 0, the integral G t {x Q ,y Q )= J R <l)(^2ht+e~^ +4yo )e^ Xo ct^ satisfies G t (x ,yo)=0 for 
t>0. Therefore, F t {xo,yo)=Gt{xo,yo)e^ xo+%h ^ yo satisfies the equation ( 139|) . but F t (xo,yo)=0 for t>0. 
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If one wants to use the value at t = to>0 as the initial data, then —2h(t+t )=e h £ +A yo-\-r] is used 
instead of — 2ht=e~ h ^ +iyo +r] , where nonvanishing data remains. 

Since the uniqueness ensured only by setting 77) = on the area 77 < 0, we see 

Proposition 4.4 The adjoint operator Ad(e^ T )F = e l * T *F*e~ ltT is defined only for t > by using 

ef *(e*r*F), t>0. 

Let X(0) be the space of all compactly supported tempered distribution rj) w.r.t. £. 
Every <f>(€,rj) G 1(0) satisfies Condition 1. We set g a (£, y )=<f>(£, 2hb+e- r *+ 4 vo) for t G R and 

:gt(x ,yo):o= 9t(^yo)e^ x °d^. 
Jr 

Then, the integral 

F t (x ,yo)= [ ^(e,7(^+log(e^^+2^))e^^e^^ + ^° 
Jr 4 

is the solution of f l4"U|) uniquely determined for the "future" direction by the data given at t — a. 
Hence one may write 

F t (x , yo)=--e* T : *oF (x , y ), t> 0. 
By the uniqueness gives the following: 

Proposition 4.5 The exponential law \e^ s+t ^ T \ *oF (x 0j y )=\el ST *e^ T -. *oF (x ,y ) holds for s,t>0. 

The next one may sound surprising: 

Proposition 4.6 If the initial </>(£, 77) G X(0) is compactly supported w.r.t. (£, rj), then there is c > 
such that :e^ T :o*oFo(xo,yo)=0 for t>c. F (xo,yo) may be viewed as an element of a finite time 
span of life. 

Note As ir is skew-hermitian, we have the primitive conservation law: 

p t *F t = . (47) 

The above result does not against the conservation law (147)) . This implies simply F t *F t = 0. Note 
also ^00*^00 = (cf. [T9]). 

Recall that (g2J shows ;ei tT : * e^ Xo+ih)yo =e^ Xo+ih)yo . 

4.1.1 Solutions for the initial value e a ^ xoyo 

By virtue of the restriction to the real variables, one can obtain the solution for many initial values. 

Consider next :el tT : * e a ^ Xoyo for general a G R. Noting that e (a-2) J R S(^+^y )e^ xo ^, 
we have the initial data 

e a TK Xoyo = J e- 2yo 5{i+ < ^y Q )e^ Xo (tie^ {xo+ih)yo . 
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Hence the initial data </>(£, rj) in 



is given by 
a-2 



h 



i 



Ah 



plugging y = j(h£+\og(r])). As S(x) is supported only on x = 0, the support of 77) is given as 
the curve log?7 = in the (£,77) plane: 

77 



The support of 



any function below thi 



The support of 
</>(£, 77) for a = 2 



any function below this line 



But this gives 77) only on "half" area 77 > 0. 



To obtain the uniquness, we set 77) = for ?7<0. General solution is obtained by adding 
arbitrary 77) supported on 77 < 0. 



By this convention, the solution is obtained by replacing 77 by 2ht+e h ^ +iyo providing 
2ht+e-^ +4yo >0 and 77=0 if 2ht+e-^ +4yo <0. 



(4* 



The case a= — 2. This is the case that we want for the proof of Theorem 14.21 where 77) = 
e -K^+ 1 °g'7)5(-ilog(77)). 

That is, the support of <f>(£, rj) is the line 77 = 1 in the (£, 77) plane. 
Setting £' = -\\og{e- h ^ +Ayo +2ht) , we see that if l-2ht < 0, then 
£' cannot be 0. Thus, = for 1—2M < 0. The solution may 
be written as 





V 











■p itT -n*np- 2 TK X y - i „ 



2ftt > 1 

cf£ ei ( x °+ m )y° 2ht < 1 



£' = is at hi = 4j/ -log(l - 2fa), i.e. e-|^, =0 = Vl-2^t e^ . It follows 



Thus, 



5 '=o ~~ e"^e 4 ^+2nt 




1-2/U 



2/it > 1 

l^ e -i^log(l-2ht) e -±x oyo 2hf<1 



(49) 
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Recall the vacuum ■.zu o: =2e~ 2 ^ xoyo and the formula :/(x ):o*o :w oo : o = f(^Xo):zu 00 : . As the r.h.s. 
is defined on generic ordered expression, Proposition ^. 31 gives that PHI) is rewritten without : : as a 
rather surprising form 

Theorem 4.2 In generic ordered expression, we have 

1 [ 2ht > 1 

e *' T *r™= {-^e?'-' 1 - 2 "'*!^ 2B<1. 



It is not hard to see that 



E l ( |)v>^f;l(i)«|(|)„ +lTOoo 

n=0 n=0 u 

without /x. 

Hence (149|) is the "time evolution" of the vacuum. This is real analytic for t<^r and the expo- 
nential law holds on this domain. However, Proposition ^. 31 shows that solutions are not unique on 
r) = e 4yo +2ht<0 depending on arbitrary functions. 

4.1.2 The case that initial date is zu 00 

2 

Consider now the case a— 2. Note first that :wqo'o = 2e~^ XoVo . Hence this case gives the vacuum 
representation w.r.t. wqq. If this is the case, the property of the delta function gives 

•e iiT *-OTnn-n = p -¥°9(e^+2ht) p ^(x +ih)y 0= 1 e &(so+*%o = 1 (50) 

' * 2 uu ' u y/e**>+2ht Vl+2Me- 4 y° 

This is the case tp(z) = (y/z)~ 1 in (??). It looks that there is a double branched singularities. Here 
we have to consider the treatment of ^J~. 

By noting that :( i/l+2hte7 2yo )~ 1 :o=— / = — = and f(yo)*o:^oo-o=f(2y ):w o, fl50]) is rewritten 

y l+2hte~ Ay Q 

as 



:el tT *:woo: = -{y l+2hte* 2yo ) + 1 : *o:^oo:o, 

Compare this with the result (??). As real variables are considered, we have to set 77) = for 
7] = e iyo +2ht < by the comment between Proposition 14.21 and Proposition 14.31 to make the solution 
unique. Thus, the solution might be written by the discontinuous function 

1 , 1 s 2 1 f . 1 e 4yo +2M>0 

■e ltT *-Wono = ( — ) e ^ xovo ( — ) = < V 1 + 2Ste " 4!/0 

* 2 Vl+2to- 4 » /re ' Wl+2hte~ 4 y« Jre e 4yo +2Ht<0. 



Note. What is moving by the equation fl39|) is not a point, but a function. Hence the singular set 
2ht+e 4yo =Q is not a singular point of the equation fl39|) . It is only that the initial smooth function is 
changed into a function involving a singular point depending on t. 
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However, if we think these under formal power series of h, then , 1 = makes sense as a 

formal power series of he~ 4yo . Indeed, using x *e~ 2nyo =e~ 2nyo *(x +2nih), we have in generic ordered 
expression that 

oo / '^.\h j i 

S fc! :r * fc *^ oo: ^ =: (v l+2^ 2yo ) + *m 00 : K =:-y==*w 00 : K (51) 
where the r.h.s. stands for the Taylor series of \i. 

Proposition 4.7 Although e l J T *e yo *Woo=e yo *Woo holds in generic ordered expression, e l * T *Woo is 
defined only in a formal fi-regulated algebra. 



On the other hand, taking the hermitian conjugate by using the Hermitian structure, we have 

Woo*ef*er tT = ^oo*ef. (52) 
The combination of (|52p and (I49p gives under generic ordered expression that 

(wo *e yo *e~ ltT )*to 00 =(-oj 00 *e yo )*w 00 

^>oo*e yo *(e~ ltT *tu o)=u7oo*e yo *( 1 *tu 00 ), 

\Jl+2nt 

hence the associativity is broken. This is not a contradiction, because these are elements of <?2+(C 2m ). 
The reason seems that woo*e yo is a vacuum different from vjqq. 

On the contrary, in the formal level we see the associativity holds: The combination of the 
hermitian conjugate of (I51|) and (I49|) gives by formal power series of \i 

:{wQQ*e~ itT )*w m : = (2e~^ x ° yo — +2 ^ fe „ %0 ) *o : ^oo:o= (:U7 00 *( v / l+2nte- 2 w); 1 : j * :u7 o:o 

^(„~itT^„ \, .„ . . ( \ „-i^log(l+2ht) n „-^x y \ 

■zuoo*{e* *Q7oo): = ^00^0*0 [ —7 = = e h 2e •» 

^Vl+2ra J 

=:ct 00 : *o e 2 ft sv ^ ; * :ro o:o 

VV1+2M 

by using :w Q*y :Q=:w o: 2y , :x *Wo : =:zuo : 2x . At a first glance, these violate the associativity, 
but in fact as y *w 00 =0=WQ *x , we have the associativity 

-\^oo*er tT )*^oo-o=^==-^oo-o=-^oo*(e~ ltT *w 00 ): , 2ht> - 1. (54) 
Vl+2/it 

4.1.3 Solution for the initial value 1 

It is interesting to investigate the solution with the initial value 1, but in this subsection, by technical 
reason, all computation are restricted under the Weyl ordered (K = 0) expression. 
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Note that the initial condition F — 1 corresponds to 2/0) = e 2yo <5(£— jJJq), as 

/OO r> 
e" 2 «> ( J(e--yo)e <fa!0 ^. 

Since this is the case a = 0, (HE]) gives that the solution obtained by putting </>(£, 77) = for 77 < is 



.„itT. 

■e* -o 



J-00 ^2 2ai / 



This is the unique real analytic solution and e h ^ +Ayo +2ht > is satisfied. 

Note that S^-^ log(e" ri5+4w +2^) ) is supported only on the point log(e-^ +4w +2frt)=0. 
Moreover, 

e ' = ^"2^ 1 ° g(e "^ +4W+2 ^ ) 

is easily inverted as 

C = ^ log (^(^e^'lHe^e^' + frte 2 ^' 

Hence 



Thus, the change of variable of integration gives 



as 5(£') is supported only on £' = 0. Hence we obtain 

As a/ {ht) 2 +e Ayo +ht > always, this is the unique real analytic solution with initial condition 1. We 
denote this by 



:exp,(ztr): = 1 ^MV(«) a +^+«)«&(«o+*9*» 

v / (M)2+e 4 w 

log(- v /l+(e- 2 «0^) 2 +e- 2 «0^) 



(55) 



v/l+(e- 2 yo^)^ 

This may be rewritten as 



: exp, itr : = e 



iog(Vi+(M*) 2 +M«) 



Note also that 



(v / i+(^) 2 +/it)( v / i+(^) 2 -^)=i, ( v / i+(M) 2 +^)+(v / i+(^) 2 -^)=v / i+(^) 2 - 
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This expression has no singularity and it is easy to check 



:exp^(ztr): = : exp„(-itT): . 

Note that :zr: = ie~ 2y °x to check ■■jj;\ t=0 e* T '-o = -ir'.Q. 

If an arbitrary 0(7/) supported on the domain 77 < is considered, then 

/oo 
0(2fri+e- r V yo )e^°c?-£ e ^ xo+ih)yo (56) 
■00 

and solutions are not unique in the past direction. 

By these calculations and the uniqueness for future direction, we must have the exponential law 

: eacp*(isT): * : exp«(itT): = : exp + (z(s+t)r): , s,t > 
holds, and if *qF in the r.h.s. is well defined then 

:e W Jitr): * F = 1 ^^(V^^^MIm f 

is the solution of initial data F . 

Computational conjecture. 

By the observation above, one must have the identities 

:e -*r^l -itr -^oy 0= 1 p ^ log(y / m 2 +e 4 VO _ ht)p 2 iixo+iti)yo -fay* 

2 v /(^)2 +e % 

^ e -i^los(l+2«) e -^xoj«, j -l <2 ht. 



VI+2M 

But it is not easy to check these identities by direct calculations. 

It seems possible to prove directly that in some restricted expressions 

= - 1 — pjr x *v° e 4yo +2ht > 0. 
y/l+2hte- 4 v° 

5 Berezin algebra embedded in the extended Weyl algebra 

As it is well known, Berezin operators give operator representations of algebras which may be viewed 
as the quantization of the structure of the Poincar'e unit disk, where the central element correspond- 
ing to H is represented by an operator. Note that the notion of ^-product is not used, but as it 
is naturally expected, the *-product that we used in this note is redefined by using the operator 
product. In this section, we give an embedding of Berezin algebra into the extended Weyl algebra 
by tracing [I]. 
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5.1 Algebra on the unit disk D. 

To define Berezin operators we first remark the following: 

Lemma 5.1 For every (anti-) holomorphic function g on D with suitable growth condition so that 
the integrals converge, we have for s> — 1 

JJj( v )(l-vv) s dvdv = g(0) = ^±^ JJj(v)(l-vv) s dvdv, 

Proof By the Taylor expansion of g(v) at and noting the integral vanishes by the integration 
J e lk6 d9 for k ^ 0, we have only to compute as follows: 



D 



1 - vvYdvdv = 2?r / (1 - r 2 ) s rdr = n [ (1 - tYdt = — ^— . 

Jo Jo s + 1 



□ 

By the definition of the beta function, we see also the following: 

l 



l -JJ {vv) m (l - vv) s dvdv=2ir ) 
Thus, setting 

we have the identity 



IT ^ B(m + l,S + l) 7T (l-wv) s+2 

m=0 v ' 1 K > 



i i r / 1 — \ s+2 

s + 1 / „ , x / 1 — V V 



f( w ) = / f(v)<b s (w,v,v)dvdv = / /(u) - dm(v,v) (51 

Jd 71 Jd \1-wvJ 

where dm(v,v) = 2 (i- V v) 2 dvdv is the volume element on the Poincare unit disk. 
Let 1-L S (D) be the space of all holomorphic functions on D such that 



|/| 2 (1 - vv) s+2 dm(v,v) < oo. 

D 



It is known that = ( w r^m+tfr(s+i) ) l ^ wm form an orthonormal basis of T-L S (D). Note that 
s> — 1 is crucial to obtain Hilbert spaces, and no vacuum appears here. 
Consider the linear space bundle and the space of all smooth sections 

II n s (D), r(U^(L>)). 

S>-1 S>-1 

For a function a(w,w) on D, the Berezin operator P s (a) on H S (D) is defined by 

(s+l)i f _ _ (s + 1) f _ fl-vv\ s+2 

(P s (a)f)(w) = / a(v,v)f(v)$ s (w,v,v)dvdv = - - / a(v,v)f(v) - dm{v,v). 

2tt J d tt J d \1-wvJ 

(59) 
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Let P s (a)e™ s) = Y,k A m,ke k s) . Then, we have 

A m , k = - [ a(v, v)v m v k (l - vvYdvdvi^^y/H^^)^ (60) 



D 



Hence the operator norm ||P s (a)|| is given by 



||P s (a)|| 2 = (s + l) 2 // a(v, v)a(w, w) ( — J dm(v,v)dm(w,w) 



1 — vw 1 — wv 



It is easy to see that 



(P 3 (<l>(w))f)(w) = / <j>{v)f{v)$ s {w,v,v)dvdv = <j>{w)f{w), 
Jd 

ill f v 

(P s (- -)f){w)= / -f(v)* a (w,v,v)dvdv=-f{w) 

1 — WW J D 1 — vv s 



(61) 



The second one is defined only for s > 0. We define the product * = * s by the operator product, i.e. 

P s (a*b) = P s (a)P s (b). 

For a holomorphic function / on the unit disk D, let f{w) = Ylk a k wk - We have then setting 

(P s (w l ))f(w) = J2 l WW 1 ( W v)rn {1 _v V y dvd v 

= E jf ^"S^W"^ 1 " (62) 
x ^ m B(s + l,m + l + l) x ^ _ (m + Z)---(m+l) 



P(s + l,m + l) ^ m+l (s + m + l + l)---(s + m + 2) 

This is a bounded operator such that (P s (w l ))w m = for < m < I — 1. Using (1621) . we have 
(P 8 (tf *«0/)(«0 = (P s (w)P s (w))f(w) 

f^J D vrP( S + l,m + l) 1 J 1 ; 
= V f a k wHvv) k+ Hl-vvY I = Ya k B{s + 1 > k + 2) w k (63) 



k>0 ulJ v ' k 

Ek + 1 k 
a k : w 
s + k + 2 

k 

Hence, P s (w*w) is a bounded diagonal operator, which is invertible within bounded operators. Note 
also that 

P s (w * w) = P s (w ■ w) ^ P s {w*w), P s ((w ■ w) k ) y£ P s ((w ■ w)t). 
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Denote by (w * w) t 1 the inverse of w * w. Then, w' — (w * w) t 1 * w (resp. w° = w * (w * w) t x ) is a 
left (resp. right) inverse of w (resp. w): 

((w*w)~ 1 * w) * w = 1, w * ((w*w)~ 1 * w) — 1 — Wo, 

( 64 ) 

w * (w * (w*?!])^ 1 ) = 1, (w * (ty*^)^ 1 ) * = 1 — -a?o 
where is the element corresponding to the projection operator given by P s (wo)(f) = f(0). 
By fl63l) we have that 



(P s (l - wtw^fiw) = (P s ((l - w^w); 1 )/)^) = T a k w k S+ ^ 2 

s + 1 

k 

This is an unbounded operator. Using this, we have 



P s ((l - w;*^); 1 * w)f(w) = -^r/'H, s > 0. (65) 



Note that P s ((l - u;*^); 1 * w) = ^P^). 

By f[64"j) . we see that w * (iZ;*^)" 1 * (1 — tZ)*w) = (w*w) _1 — is a right inverse of (1 — w*w)~ 1 *w. 
Indeed, we see that 

P s (w * (u)*w) _1 — w) — (s + 1) / dw. 







For each s > 0, let D/ s ) be the algebra of operators generated by w, w, (w * w) 1 , (1 — w * w) 1 , 
(1 — w * u))" 1 , /I. 

Proposition 5.1 w* — (1 — w*^)" 1 * w is a canonical conjugate of w i.e. [w*, w] = j^, and 

\w,w] = (1 — w*w) * (1 — w*w). 

Hence the Berezin algebra D( s ) may &e viewed as a deformation quantization of the Kahler structure 
defined on the unit disk D by the Poisson bracket {w, w}= — jzj(1 ~~ ww) 2 . 

Proof Note that — = [w, (1 — w*w)~ 1 * w}. Hence we have 

-j— j- = (1 — W*w)~ 1 * [lU, Vj] * W * (1 — W*!!])^ 1 * W + (1 — W*w)~ 1 * [lU, Vj] 

By the bumping lemma, the right hand side is 

(1 — w*w)~ 1 * [w, w] * ((1 — w*^)' 1 * w*w + 1) = (1 — w*w)~ 1 * [w, w] * (1 — w*^)' 1 

This give the result. □ 
Note also that Wq can be obtained by using (161 p as 



-tin* -, 



w = lim e* 1 ww = lim e" 

t— >oo t— >oo 



Note here that the algebra above is given directly as operators. Indeed, this is a deformation 
quantization of Poincare disk in the notion that mentioned in §[2j However, in the previous sections, 
the concrete calculation is done by using * K -product by using an expression parameter K. 
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5.2 Embeddings into the extended Weyl algebra 

On the other hand, one can easily make a deformation quantization of the Kahler structure on the 
Poincare disk D in £ 2+ (C 3 . Let v,x,y be a generator of We set z=x+iy, z=x—iy. Using the 

♦-exponential function e tz * z we see that 

\/z*z , \/l+z*z 
are welldefined in £ 2+ (C 3 ). We set as follows: 

w=z*\/z*z , w=\/z*z 1 *z. (66) 

It is not hard to obtain 

[iw,w]= — 2u*(l— w*w)*(l— w*w). 

Hence, we obtain a deformation quantization of the Kahler structure on the Poincare disk D as a 
z/-regulated algebra. We denote by B(„) the obtained //-regulated algebra. The Berezin algebra B( s ) 
gives an operator representation of B^), but the positivity of v is implicitly assumed in advance in 
the formula of beta functions. 

Now consider this in £ 2+ (C 4 ), and let x , y , x\, y\ be a generator system. 

V = e; 2yo , t = ef*x , £ = ef *x u r] = ef*y x . 

Hence, its Heisenberg vacuum representation obtained in §H]gives an embedding of %2[lA into ^2+(C 4 ) 
such that /i" 1 — > l+2/!s>0 together with other commutation relations. 

As above, we set C = ^+^ ? 7; C = ^~* 7 7- Then, the same calculation as above gives gives exactly the 
Berezin algebra B( 2s )- 
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